A spin-dependent density-functional approach for the calculation of highly and multiply excited state of atomic system is proposed based on the localized Hartree-Fock density-functional method and Slater's diagonal sum rule. In this approach, electron spin orbitals in an electronic configuration are obtained first by solving the Kohn-Sham equation with an exact nonvariational spin-dependent localized Hartree-Fock exchange potential. Then a single-Slater-determinant energy of the electronic configuration is calculated by using these electron spin orbitals. Finally, a multiplet energy of an excited state is evaluated from the single-Slater-determinant energies of the electronic configurations involved in terms of Slater's diagonal sum rule. This approach has been applied to the calculation of singly, doubly, and especially triply excited Rydberg states of He-and Li-like ions. The total energies obtained from the calculation with an exchange-only ͑X-only͒ potential are surprisingly close to those of Hartree-Fock method and the total energies from the calculation with exchange-correlation potential are in overall agreement with available theoretical and experimental data. The presented procedure provides a simple and computationally efficient scheme for the accurate calculation of highly and multiply excited Rydberg states of an atomic system within density-functional theory.
I. INTRODUCTION
Density-functional theory ͑DFT͒ ͓1,2͔ has been widely applied to many areas in theoretical physics and chemistry ͓3,4͔ as a powerful ab initio approach of calculating the ground-state properties of many-electron systems due to its computational simplicity in dealing with systems having a large number of electrons. The basis of DFT is the Hohenberg and Kohn ͑HK͒ theorem ͓1͔ and the Kohn-Sham ͑KS͒ equation ͓2͔. The most important and troublesome part in DFT is the exchange-correlation ͑XC͒ potential because it determines not only calculation accuracy but also the usefulness of a DFT calculation ͓5͔.
In a traditional approximation, such as the local density approximation ͑LDA͒ ͓3,4͔ and the generalized gradient approximation ͑GGA͒ ͓6-8͔, the XC potential is obtained by using uniform electron gas. Because of the incomplete cancellation of spurious self-interactions ͓9͔, the approximate XC potential falls off too fast and thus exhibits some incorrect asymptotic behaviors ͓10͔. As a result, no Rydberg series and only a few bound unoccupied states can be available from a calculation with this kind of XC potential. In addition, the traditional XC potential has an inherent degeneracy due to its independence of symmetries such as orbital angular momentum and spin of the state considered and thus the calculated energies for different symmetries may have the same value. Therefore, the KS equation with traditional XC potential cannot be directly applied to the calculation of excited-state energy, especially highly excited-state energy.
In fact, DFT itself is a ground-state theory. KS eigenvalue differences of unoccupied and occupied orbitals are not rigorously defined as excitation energies. One needs to go beyond the standard DFT, for example, using a time-dependent DFT approach ͓11-13͔ to calculate excitation energy. However, KS eigenvalues can serve as good zero-order excitedstate energies provided that they are gained by solving the KS equation with a high-quality XC potential ͓14͔. A number of theoretical methods have been developed by adopting this point of view ͑see a recent review article ͓15͔ for more approaches͒, in which the work-function-͑WF-͒ based exchange potential approach ͓16-19͔, the open-shell localized Hartree-Fock ͑LHF͒ density-functional approach ͓20,21͔, and the multireference LHF density-functional approach ͓22,23͔ have drawn more attention because of their successful applications to the calculations of atomic and molecular excited states.
However, almost all the calculations using the timedependent DFT approach, open-shell LHF approach, and multireference LHF approach so far are performed for lower singly excited states. Although better results from calculations of the WF method were reported for both singly and doubly excited states of atomic systems ͓18,19͔, one needs the rotational component of the field in computation, which, in general, is very hard to calculate. In the atomic case, it may be neglected in comparison with the irrotational component, but in the molecular case, it cannot be ignored due to the departure of electronic structure from spherical symmetry ͓15͔. Even for the atomic case, WF calculation often encounters a self-consistent convergence problem for high-lying Rydberg excited states ͓19͔. Therefore, an effective, simple, and easy-to-be-applied density-functional method for the calculation of highly and multiply excited states remains to be explored.
In this paper, we present a spin-dependent densityfunctional approach for the calculation of highly and multiply excited states of atomic systems based on the LHF density-functional method ͓14,24͔ and Slater's diagonal sum rule ͓25͔. In this approach, the exchange potential used is an exact nonvariational spin-dependent localized Hartree-Fock ͑SLHF͒ exchange potential constructed by extending the ground-state LHF exchange potential to excited states, electron spin orbitals in an electronic configuration are obtained by solving KS equation with the SLHF exchange potential, a single-Slater-determinant energy of the electronic configuration is calculated by using these electron spin orbitals, and a multiplet energy of an excited state is evaluated from the single-Slater-determinant energies of the electronic configurations involved in terms of Slater's diagonal sum rule. The SLHF exchange potential is free of Coulomb selfinteractions, dependent on symmetries of the state under consideration, requires occupied orbitals only, and exhibits correct long-range behaviors; it can be used to calculate the spin orbitals and density for each individual excited state and thus is promising for the calculation of highly and multiply excited states of atomic system. We have applied this procedure to the calculations of singly, doubly, and especially triply excited states of He-and Li-like ions. Due to the singularity at the origin and long-range nature of the Coulomb potential, we use the generalized pseudospectral ͑GPS͒ method ͓26͔ to discretize spatial coordinates and optimize solution of the KS equation so as to obtain accurate eigenvalues and density functionals. The total energies obtained from the calculation with an exchange-only ͑X-only͒ potential ͑X-only calculation͒ are found to be surprisingly close to those of the Hartree-Fock ͑HF͒ method and the total energies from the calculation with the XC potential ͑XC calculation͒ are in overall agreement with available theoretical and experimental data.
II. THEORETICAL METHOD

A. Spin-dependent localized Hartree-Fock density-functional method
In spin-dependent DFT, the spin-dependent electron density ͑r͒ is defined by
where is the electron spin, equal to ␣ and ␤ for spin-up and spin-down, N is the number of electrons with spin , i ͑r͒ is the ith spin orbital with spin , and w i is the occupied number of electrons in the spin orbital i ͑r͒. The electron spin orbital i ͑r͒ is determined by the KS equation
with the KS Hamiltonian H ͑r͒ given by
and the local effective potential V eff ͑r͒ given by
where V ext ͑r͒ is the external potential, V H ͑r͒ is the Hartree potential ͑classical Coulomb electrostatic potential between electrons͒, and V xc ͑r͒ is the XC potential. The external potential is known accurately for a given atomic system. The
Hartree potential can be calculated exactly by
where ͑r͒ = ␣ ͑r͒ + ␤ ͑r͒ is the total electron density. Thus finding a suitable XC potential is the key to the calculation of both the ground state and excited states. The XC potential can be divided into the exchange potential V x ͑r͒ and the correlation potential V c ͑r͒.
Recently, the X-only LHF density-functional method has been proposed and successfully applied to the ground-state calculation of atomic and molecular systems ͓14,24͔. In that method, electron orbitals are calculated by solving the KS equation with the LHF exchange potential as its exchange potential. The LHF exchange potential is derived under the assumption that the X-only KS determinant is equal to the HF determinant. This potential is free of Coulomb selfinteractions, requires only occupied orbitals, and exhibits correct long-range behaviors. The exchange potential in the Krieger, Li, and Iafrate ͑KLI͒ procedure ͓27,28͔, an approximation of the exact exchange ͑EEX͒ optimized effective potential ͑OEP͒ ͓29͔, is an approximation to the LHF exchange potential.
In this paper, we extend the LHF exchange potential to the excited-state calculation of the atomic system by assuming that the electron spin orbitals of excited states are determined by the KS equation of a noninteracting system and the X-only KS determinant of the noninteracting system equals the HF determinant of the interacting system for the excited states. Based on this postulate, following a similar procedure used in Ref. ͓14͔ , we obtain the spin-dependent localized Hartree-Fock ͑SLHF͒ exchange potential
where the first term V x S ͑r͒ is the Slater potential ͓25͔ and the second term V x C ͑r͒ is a correction to the Slater potential. Both of them are determined by occupied KS spin orbitals and are calculated by
and
where ␥ ij ͑r͒ and Q ij are defined by
Here, V x NL is a nonlocal exchange operator of the form of the HF exchange potential but constructed from KS spin orbitals,
In the spin-dependent DFT, the exchange interaction only occurs among electrons with the same spin. In Eq. ͑6͒, when V x C ͑r͒ = 0, the SLHF exchange potential is reduced to the Slater potential of the HF method ͓25͔. Because V x C ͑r͒ depends on V x SLHF , the SLHF exchange potential V x SLHF ͑r͒ has to be computed in a self-consistent manner. In Eq. ͑8͒, if the terms with i j are neglected, the SLHF exchange potential reduces to the KLI exchange potential ͓27,28͔.
For the spin-dependent DFT, SLHF exchange potentials determined by Eqs. ͑6͒-͑12͒ have two arbitrary additive constants. The physical orbitals can only be obtained by the use of appropriate constants in the exchange potential. To settle down the constants so as to pick up the physical orbitals, we demand the highest occupied orbital N of each spin to satisfy ͓14͔
This condition indicates that the highest occupied orbital does not contribute to the correction term V x C ͑r͒. In this case, the correction term V x C ͑r͒ decays exponentially, the SLHF exchange potential behaves asymptotically as the Slater potential, and thus approaches to −1 / r at long range ͓14͔. Moreover, the SLHF exchange potential depends only on the occupied orbitals and thus contains detailed information of the electronic configuration considered.
It should be noted that the SLHF exchange potential above is an extension of the ground-state LHF exchange potential although they are very similar to each other ͓14͔. Since the SLHF formalism is not derived from a variational principle for energy, the variational restriction on the ground state being the lowest state of a given space-spin symmetry is not applicable here. Thus the calculation of spin orbitals for excited states by solving the KS equation ͑2͒ with the SLHF exchange potential is not subject to a variational bound for energy. Furthermore, unlike the WF method, the SLHF method guarantees the existence of a local effective potential for both the ground state and excited states ͓14,20͔. Because of the nonvariational nature of the SLHF exchange potential, the KS equation ͑2͒ is no longer a variational equation and thus the problem of variational collapse to the ground state is avoided in our approach. This is a considerable advantage since, for a variational calculation of excitedstate energy, to satisfy the wave function orthogonality ͑to prevent variational collapse͒ can be a task of formidable complexity ͓19͔.
Calculation of the total energy should include the correlation effect. This effect is taken into account via correlation energy in the DFT calculation. Although quite a few approaches have been developed for this purpose, the secondorder gradient correlation potential and energy functional proposed by Lee, Yang, and Parr ͑LYP͒ ͓7͔ have been shown to provide an excellent representation of actual correlation energy and will be incorporated into our calculation to estimate the correlation effect.
B. Central-field approach of atomic system
To demonstrate the feasibility of the approach developed above, we apply it to the excited-state calculation of atomic system. To specify the spin-dependent property, an electron spin orbital is signified by three quantum numbers n, l, and , where n and l are the principal quantum number and orbital angular momentum quantum number of the electron, respectively. In spherical coordinates, a spin orbital i ͑r͒ of the electron with quantum numbers n, l, and can be expressed by
where R nl ͑r͒ is the radial spin orbital, Y lm ͑ , ͒ is the spherical harmonic, m is the azimuthal quantum number, and i is a set of quantum numbers apart from spin of the spin orbital.
The electron density is evaluated by substituting Eq. ͑14͒ into Eq. ͑1͒. For the atomic system investigated in this work, the system is described by a spherically averaged electron density given by
where the symbol stands for a set of quantum numbers for summation and the sum is performed over all the occupied spin-orbitals with spin . The electron density obtained in this way is accurate for spherically symmetric ͑close-shell͒ states, but approximate for nonspherically symmetric ͑open-shell͒ states. When this kind of electron density is used to evaluate the energy of a nonspherically symmetric state, it may induce an error. However, the error is negligible compared to the order of the calculated multiplet splitting ͓15͔. Substituting Eq. ͑14͒ into Eq. ͑2͒, multiplying the equation by Y lm * ͑ , ͒, integrating the equation over angles, and averaging the equation over m, finally, we obtain the radial KS equation for the radial spin orbital R nl ͑r͒,
where v eff ͑r͒ is the radial effective potential given by
͑r͒, and v c LYP ͑r͒ are the radial external potential, radial Hartree potential, radial SLHF exchange potential, and radial LYP correlation potential ͓7͔, respectively.
In an atomic system, the external potential is the Coulomb potential between the electron and the nucleus. For the atom with a nuclear charge Z, the radial external potential is given by
To calculate the radial Hartree potential, by applying the multipole expansion of 1 / ͉r − rЈ͉, the orthonormality of spherical harmonics, and the spherical-harmonic expansion of two spherical harmonics to Eq. ͑5͒, we obtain ͓30͔
where r Ͼ is the larger of r and rЈ, and ͑r͒ = ␣ ͑r͒ + ␤ ͑r͒ is the spherically averaged total electron density. Similarly, from Eqs. ͑6͒-͑12͒, we obtain the radial SLHF exchange potential
where the radial Slater potential is given by
and the radial correction is given by
In Eqs. ͑21͒ and ͑22͒,
In Eq. ͑27͒, the symbol ͗¯͉¯͘ is the Clebsch-Gordan coefficient. According to the property of the Clebsch-Gordan coefficient, k = ͉l − lЈ͉, ͉l − lЈ͉ +1, ... ,l + lЈ and l + lЈ + k = even.
C. Generalized pseudospectral method and optimal solution of the KS equation
In order to solve the radial KS equation, we use the generalized pseudospectral ͑GPS͒ method ͓26͔ to discretize Eq. ͑16͒. The GPS method is a kind of collocation-cardinal function method. The basic idea of this method is to approximate an exact function f͑x͒ defined on the interval ͓−1,1͔ by an Nth-order polynomial f N ͑x͒ constructed by a cardinal function g j ͑x͒,
and ensure the approximation to be exact at the collocation point x i , namely f N ͑x i ͒ϵ f͑x i ͒. This requires that the cardinal function satisfies g j ͑x i ͒ = ␦ ij .
In the Legendre generalized pseudospectral ͑LGPS͒ method used in this work, the cardinal function g j ͑x͒ is constructed by the Nth-order Legendre polynomial P N ͑x͒ and its first derivative Ṗ N ͑x͒
The collocation points, x 0 ͑=−1͒, x 1 , x 2 , ... ,x N ͑=1͒, are determined by the roots of the first derivative of the Nth-order Legendre polynomial with respect to x, namely, Ṗ N ͑x i ͒ =0. For the electronic structure calculation involving Coulomb interaction, the potential has a singularity at r = 0 and long tail at large r. These problems can be overcome by using the LGPS method associated with an appropriate mapping technique. In this procedure, the singularity problem can be taken considerate care of by the nonuniform collocation points of the LGPS method and the long-tail problem can be suppressed efficiently by mapping the semi-infinite domain r ͓0,ϱ͔ into the finite domain x ͓−1,1͔ with a mapping function r = r͑x͒. The mapping function is taken to be a nonlinear function given by ͓26͔
where L is a mapping parameter used to optimize calculation by adjusting distribution of the collocation points and x m =2L / r max , where r max is the maximum r. This method provides a very effective and efficient numerical algorithm for a high-precision solution of the Schrödinger equation and the KS equation. It has been successfully applied to the calculation of eigenvalues and eigenfunctions of atomic and molecular systems for the study of electronic structure ͓10,18͔, multiphoton processes in strong fields ͓31,32͔, and Rydberg atom spectroscopy and dynamics ͓33͔.
Making use of the mapping function ͑31͒ in the KS equation ͑16͒, we obtain a differential equation for the transformed radial wave function defined on x ͓−1,1͔, f͑x͒ = R nl (r͑x͒) / ͱ ṙ͑x͒, where ṙ͑x͒ is the first derivative of r with respect to x. Applying the LGPS method to the new differential equation, considering boundary conditions, and following the symmetrization procedure ͓26͔, we finally achieve a symmetric matrix eigenvalue equation
Solving the matrix eigenvalue equation ͑32͒, one can obtain the spin orbitals and orbital energies.
D. Multiplet excited-state energy
For a particular electron configuration, Eq. ͑32͒ is solved self-consistently to obtain a set of spin orbitals. Using these spin orbitals, a single Slater determinant for a specific electronic state is constructed and its total energy calculated. The total energy is a sum of noninteracting kinetic energy E k , external-field energy E ext , Hartree energy E H , exchange energy E x , and correlation energy E c . They are evaluated by
and E c is computed by using the LYP approximation ͓7͔. In Eqs. ͑38͒ and ͑39͒,
where k =0, 2, ... ,2ϫ min͑l , lЈ͒ due to the Clebsch-Gordan coefficient. From Eqs. ͑27͒ and ͑41͒-͑43͒, if nЈlЈmЈЈ = nlm, the terms of E H in Eq. ͑38͒ completely cancel those of E x in Eq. ͑39͒. This illustrates that the X-only calculation presented here is free of self-interaction.
The procedure above can only be used to calculate the energy value for a single Slater determinant. For a multiplet state that can be described completely by a single Slater determinant, this energy is just the multiplet energy. For a multiplet state that cannot be represented by a single determinant, the energy can be calculated by means of Slater's diagonal sum rule ͓25͔. According to this rule, the sum of the single-Slater-determinant energy E͑D i ͒ of determinant D i from an electron configuration is equal to the weighted sum of the multiplet energy E͑M j ͒ of the multiplet state M j involved in the electron configuration, namely,
where the weight d j is the times that the multiplet state M j appears in all the single Slater determinants.
To show how to use this method, let us consider a twoelectron configuration p 2 . For this configuration, there are 15 different states and thus 15 determinants corresponding to various values of ͚m l and ͚m s . Of those, there are three determinants with ͑m l 1 m s 1 ; m l 2 m s 2 ͒ = ͑1␣ ;−1␤͒, ͑−1␣ ;1␤͒, and ͑0␣ ;0␤͒ that correspond to a particular set of ͚m l =0 and ͚m s = 0, which are denoted by D 1 , D 2 , and D 3 , respectively. On the other hand, there are three multiplet states 1 D, 3 P, and 1 S that are involved in this particular set, and each emerges once. According to Eq. ͑44͒ we have
The energy terms on the left-hand side are computed by using the single Slater determinants, while the energies E͑ 1 D͒ and E͑ 3 P͒ on the right-hand side can also be determined by the single Slater determinants. Thus E͑ 1 S͒ is calculated from Eq. ͑45͒. Similar procedures have been employed in recent excited-state calculations ͓18,19,34͔.
III. RESULTS AND DISCUSSION
A. The ground-state energy
We first calculate the total ground-state energies for the neutral atoms of Z ഛ 18 using the procedure introduced in the preceding section. Special attention is paid to the nonsymmetric states of atoms with open shells. In Table I , we present the total ground-state energies obtained from X-only calculation together with those of the HF method ͓35͔ and the optimized effective potential ͑OEP͒ method ͓28͔ for comparison. Although the spherically averaged electronic density is used in the calculation, the present SLHF results are in excellent agreement with HF values even for the nonsymmetric states of the open-shell atoms. The maximum deviation to HF results in energy is about 0.0037%. It occurs at a highly nonsymmetric state of N, where the OEP energy also has the maximum deviation with respect to the HF value. The discrepancies of SLHF energies to OEP results are less than 0.0009%, a negligibly small number. Thus SLHF has practically the same accuracy as OEP and is very close to HF.
To examine and appraise the SLHF exchange potential we give, in Table II , the exchange energies for the ground states of neutral atoms of Z ഛ 18. We also list in this table the results of the HF method ͓6͔ and Becke's gradient-corrected density-functional exchange-energy approximation ͑BX͒ ͓36͔. The overall agreement of our calculated exchange energies with the results of HF and BX is quite good. This indicates that the SLHF exchange potential has behaviors as good as those of the HF method.
Orbital energy is a measurement of the basic properties of electron orbital. The highest-occupied-orbital energy is even essential since it is related to the ionization potential in independent particle calculation such as the DFT calculation. In One of the most touchy effects in the DFT calculation is the correlation effect. This effect is considered through the correlation energy. So far, all the correlation functionals used in the DFT calculation are developed for the ground state. In this work, we choose the widely used LYP correlation energy functional ͓7͔ to estimate the electron correlation effect. In Table I , we present the total ground-state energies from the XC calculation for atoms with Z ഛ 18. For comparison, we also list in Table I the total energies that are obtained from the sum of HF energies ͓39͔ and correlation energies ͓40͔ ͑HFC͒. It is shown that inclusion of the correlation effect does lead to a significant improvement in the ground-state energies compared to the HFC results. For the total energy, our results agree very well with HFC results. For larger atoms ͑Z Ͼ 8͒, deviations of our results to HFC results are less than 0.008%. For smaller atoms ͑Z ഛ 8͒, our total energies are a little bit more negative than HFC results. The maximum discrepancy is about 0.12%. The larger deviations for the smaller atoms are caused by the overestimated correlation energies computed with LYP correlation energy functional ͓7͔.
B. Singly excited state
The main purpose of this paper is to develop a procedure for the excited-state calculation of an atomic system, particularly for multiply excited states such as triply excited states. Before performing a multiply excited-state calculation, we would like to report some results for singly and doubly excited states of atomic systems so as to calibrate the accuracy of the approach presented in this paper.
As has been shown above, the total ground-state energies from an X-only calculation are quite accurate and comparable to HF results. Since the SLHF exchange potential is free of self-interactions, dependent on symmetries of electronic state, and has good long-range behaviors, it is expected to work well in the excited-state calculation of atomic system. In Table IV , we list the total energies from the XC calculation for singly excited states 1sns 3 S and 1 S ͑n =1-16͒ of He together with the total energies of the complex rotation approach ͑CRA͒ ͓41͔ and the WF method ͑WF-I͒ ͓18͔. According to the LYP correlation energy functional ͓7͔, the spin-dependent correlation interaction only occurs between electrons with different spins. For the triplet S states in Table IV , correlation energies are zero and total energies from the X-only calculation are the same as those from the XC calculation. This may tempt one to conclude that the correlation energies for these states are underestimated by the LYP approximation, particularly for low excited states where the correlation interaction is expected to be larger than highly excited states. However, for the 1s2s 3 S state, our result, 2.173 90 a.u., is only 0.06% higher than the CRA result, 2.175 23 a.u., and 0.07% higher than the WF-I result, 2.175 45 a.u., indicating that our calculation is accurate and the correlation interaction in the triplet S states is indeed small and plays an insignificant role. For the 1s2s 1 S state, the deviation of our result with respect to the CRA result is 0.06%, illustrating that the calculation for triplet S states is as precise as that for singlet S states. For a highly excited Rydberg state with large n, the agreement of our results with those of a more sophisticated CRA calculation becomes excellent for both multiplet states. This signifies that the SLHF exchange potential has very similar asymptotic long-range behaviors to that of CRA because the electronic structure of the highly excited Rydberg state is dominated by the asymptotic long-range Coulomb potential arising from exchange potential. For low excited states with small n, our results are slightly higher than those of CRA because of an underestimation of correlation energy. In all cases for both multiplet states, the deviations are less than 0.07%. This demonstrates that the calculation with the SLHF exchange potential for singly excited states is comparable to the more sophisticated ab initio calculation.
It should be mentioned that many quantum mechanical calculations confront a self-consistent convergence problem for highly excited states with large n ͓42͔. Even the WF method often encounters the same problem ͓19͔. However, in our calculation, the advantages of the LGPS procedure over the Coulomb potential enable us to obtain converged results for all states by using the same number of grid points. It is straightforward to extend the calculation to even higher states, reflecting the effectiveness of the SLHF exchange potential for the excited-state calculation. To check the feasibility of the SLHF exchange potential for atomic ions, we also apply it to the calculation of He-like ions ͑Z =3-10͒. The total energies obtained from the XC calculation are shown in Table V together with the results of the truncated diagonalization method ͑TDM͒ ͓43͔. It is shown that for all the data in the table, our results are close to the results of TDM. The deviations for the triplet S and P states ͑where the correlation energies are zero͒ are less than 0.09%, while for the singlet S and P states, the discrepancies are no more than 0.66% though a little bit larger. It demonstrates that the SLHF exchange potential together with the LYP correlation potential is reasonably accurate for the calculation of atomic ions. On the other hand, for all the data in the table, our results are a little bit more negative than those of TDM. This again hints that the LYP energy functional is overestimated to the correlation energies for smaller atoms as has already been pointed out in the calculations of neutral atoms. In Table VI , we present the total energies obtained from both the X-only calculation and the XC calculation for singly excited states 1s 2 ns 2 S ͑n =3-10͒ and 1s 2 np 2 P ͑n =2-10͒ of Li. For comparison, we also list the total energies of the WF method ͑WF-I͒ ͓18͔, the HF method ͓44͔, and the configuration-interaction Hylleraas method ͑CIH͒ ͓45͔. The deviations of X-only results to HF results are 0.0025%, 0.0045%, and 0.0032% for 1s 2 3s 2 S, 1s 2 2p 2 P, and 1s 2 3p 2 P, respectively. This illustrates that our X-only calculation is quite accurate, almost as accurate as the HF method. The deviations of X-only results to WF-I results range from 0.0051% to 0.0007% for 1s 2 ns 2 S ͑n =3-5͒ states and from 0.0135% to 0.0001% for 1s 2 np 2 P ͑n =2-5͒ states. For the total energies obtained from the XC calculation, our results are only a little bit more negative than the WF results and CIH results due to the overestimation to the correlation energies by the LYP correlation energy functional. Nevertheless, the maximum discrepancy of our results to the CIH results is no more than 0.0738% for 1s 2 ns 2 S ͑n =3-5͒ states and 0.0900% for 1s 2 np 2 P ͑n =2-5͒ states, demonstrating the accuracy of our calculation.
C. Doubly excited state
The calculation of doubly excited state is more challenging. For doubly excited states, the results of the HF method are rare. To check the applicability and calibrate the accuracy of the SLHF exchange potential in the doubly excited-state calculation, we will compare our X-only results with other X-only DFT results available in the literature. In Tables VII-X, we present the total energies obtained from both the X-only calculation and the XC calculation for doubly excited states ns 2 1 S ͑n =2-20͒, nЈsnp 3 P ͑nЈ =2-3, n = nЈ -10͒, nЈsnp 1 P ͑nЈ =2-3, n = nЈ -10͒, and np 2 1 D ͑n =2-20͒, of He, respectively. In these tables, we also list the available experimental results and other theoretical results for comparison.
In Table VII , we report the total energies for doubly excited Rydberg states ns 2 1 S ͑nЈ =2-20͒. For the X-only calculation, our results are in very good agreement with those of the WF method ͑WF-II͒ ͓19͔. For the XC calculation, our results are a little bit more negative than those of WF-II and less negative than those from another WF calculation ͑WF-I͒ ͓18͔. Obviously, the deviations are caused by correlation energies since the correlation energy functionals used in these calculations are different from one another. A Wigner-type parametrized correlation energy functional ͓46͔ was used in the WF-II, a spin-independent LYP correlation energy functional was used in the WF-I, and a spin-dependent LYP cor- relation energy functional is used in our calculation. Because both the Wigner-type correlation energy functional and the LYP correlation energy functional are designed basically for the ground-state calculation, all the calculations for the excited states by using these functionals are only rough estimations to the correlation energies.
In Table VIII , we present the results of doubly excited states nЈsnp 3 P ͑nЈ =2-3, n = nЈ -10͒ of He. As has already been mentioned, the correlation energies obtained from the LYP correlation energy functional are zero for electrons with the same spin in the spin-dependent calculation. Thus the total energies from the X-only calculation are the same as those from the XC calculation. For the X-only calculation, our results agree well with the WF-II results. For the XC calculation, our results are close to those of the WF-I, WF-II, the complex-coordinate rotation ͑CCR͒ methods ͓47͔, and the R-matrix method with saddle-point technique ͑RMSP͒ ͓48͔. For 2snp 3 P ͑n =2-8͒ states, the deviations of our results to the results of the CCR method are less than 1.0% with an exception of state 2s3p 3 P, for which the deviation is 2.2%. For 3snp 3 P ͑n =3-7͒ states, the errors are a little bit larger, but no more than 2.8%. The larger deviations may again be induced by the underestimated ͑zero͒ correlation energies by the LYP correlation energy functional.
In Table IX we show the total energies of doubly excited states nЈsnp 1 P ͑nЈ =2-3, n = nЈ -10͒ of He. For the X-only calculation, our result for 2s2p 1 P is 0.74% lower than the WF-II result. For the XC calculation, our result for this state is better than the WF-II result compared to the result of the RMSP ͓48͔. The deviations of our results to the RMSP results are less than 1.8% for states 2snp 1 P ͑n =2-4͒. For 1 P ͑n =3-8͒ states, the discrepancies of our results are less than 1.7% with respect to the results of the Feshbach formalism approach ͑FF͒ ͓49͔ and less than 1.0% with respect to the experimental results ͓50͔, demonstrating the accuracy of our excited-state calculation.
In Table X , we report the total energies of doubly excited states np 2 1 D ͑n =2-10͒ of He. It is shown again that X-only results are in very good agreement with those of WF-II ͓19͔ and XC results are close to those of WF-I ͓18͔.
D. Triply excited states
For the DFT calculation, triply excited states are really a trial to both the exchange potential and the correlation potential because of possible high nonsymmetric atomic structures. Even for sophisticated ab initio methods, it is an ordeal to accurately calculate the electronic structures of triply excited states. In this section, we present total energies and Auger electron energies from our calculation for triply excited resonance states of Li-like ions. For these resonance states and Auger processes, there are neither HF results nor DFT results to compare to. We will compare our results to other theoretical results and experimental data. To our knowledge, this is the first time that the triply excited resonance states of Li-like ions have been calculated using the DFT method.
In Table XI , we present the total energies obtained from the XC calculation for triply excited resonance states of Lilike ions ͑Z =3-10͒. Also given in this table are the theoretical results of the truncated diagonalization method ͑TDM͒ ͓43͔ and the multichannel saddle-point complex-rotation ͑MSPCR͒ method ͓51,52͔. The numbers in the parentheses denote the absolute percentage deviations of our results with respect to the data followed by these numbers. It is shown that our results are in very good agreement with those of MSPCR. The absolute deviations are less than 0.95%. Apart from 2s2p 2 2 P and 2p 3 2 P states, the discrepancies of the results of the TDM are less than 0.91%. For 2s2p 2 2 P and 2p 3 2 P states, the deviations are a little bit larger, but no more than 1.38%. This demonstrates that our calculations for triply excited states are quite accurate. We noticed that for 2s2p 2 2 P and 2p 3 2 P states, our results are more negative than other theoretical results, which may be caused by the overestimations of correlation energy to these states.
One of the most important processes from the highly triply excited resonance states of Li-like ions is Auger electron emission via autoionization, leaving states of He-like ions ͓53,54͔. The calculation of the Auger electron spectroscopy involves the total energies of the triply excited resonance states of Li-like ions given in Table XI and the total energies of the singly excited states of He-like ions listed in Table V . In Table XII , we report the calculated Auger electron energies for the triply excited resonances of Li-like ions. To examine the calculation precision for triply excited states, we also list, in Table XII, the theoretical results of the TDM ͓43͔, MSPCR ͓51,52͔, and hyperspherical close-coupling ͑HSCC͒ methods ͓54͔, as well as the experimental results ͓53,54͔. Again, the numbers in the parentheses denote the absolute percentage deviations of our results with respect to the data followed by the numbers. It is shown that apart from the processes related to the 1s2p 1 P state in neutral Li the discrepancies of our results with respect to both the experimental results and other theoretical results are less than 0.95%. Even for the processes involved in the 1s2p 1 P state in neutral Li, the deviations are no more than 1.5%. This illustrates that our calculation of the triply excited states is quite accurate and the proposed approach with the SLHF exchange potential is efficient and effective to the multiply excited-state calculation.
In summary, based on the spin-dependent localized Hartree-Fock density functional method and Slater's diagonal sum rule, we present an approach for the calculation of highly and multiply excited states of atomic systems. In this approach, the KS exchange potential is replaced by an exact nonvariational SLHF exchange potential. The SLHF exchange potential qualifies for the calculation of the excited state because it provides a potential with free self-interaction, the correct long-range behavior, and the symmetry dependence of an atomic state. The procedure has been applied to the calculation of singly, doubly, and triply excited Rydberg states of He-and Li-like ions. The generalized pseudospectral method with nonuniform grids is used to discretize the spatial coordinates and to optimize the solutions of the KS equation to obtain accurate spin orbitals and orbital energies for both the ground state and excited states. X-only results are in very good agreement with HF results and X-only WF results, demonstrating that the proposed procedure is very accurate for the calculations of highly and multiply atomic excited states. The correlation effects are considered by incorporating the LYP correlation potential and the energy functional into calculation. The total energies from the XC calculation are close to the available sophisticated ab initio theoretical results and experimental data. The maximum discrepancy of our calculated energies to the available experimental results is less than 1.0%, illustrating that the SLHF exchange potential combined with the LYP correlation potential is satisfactory for the excited-state calculation of atomic systems. Thus the procedure presented in this paper provides a simple and computationally efficient scheme for the accurate calculation of highly and multiply excited Rydberg states within the DFT.
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